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Let X be a strongly locally homogeneous continuum other than S1. We prove that
every homeomorphism between two countable compacta lying in X can be extended to
a homeomorphism of the whole continuum X .
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It is known (see [4, Theorem 4, §61, V, p. 537]) that every homeomorphism between two 0-dimensional compacta lying
in the 2-sphere S2 can be extended to a homeomorphism of the whole sphere S2. The same holds true in the case of closed
2-manifolds (it is rather a straightforward consequence of the previous result). On the other hand there is a wild Cantor set
in S3. Therefore it is not possible to extend this result to higher-dimensional manifolds. But if we restrict our consideration
to countable compacta, then an extension exists. It is proved in Theorem 7.3 of [1, Ch. IV, §7]. In the paper we extend this
result to countable compacta in strongly locally homogeneous continua (Theorem 12).
All spaces under discussion are separable and metrizable. By a map we mean a continuous function. A continuum is
a compact connected space. A region is an open connected subset of a space. A proper subset A of a space X is said to be
non-locally-separating if for any region U in X the set U \ A is connected [5, 2.1.2]. We say that a space X has no local
separating point if every point is non-locally-separating. We use Ls for the topological upper limit of a sequence {Ai}∞i=1 of
subsets of a space X , i.e. Lsi→∞Ai =⋂∞n=1 cl(⋃∞k=n Ak), where cl denotes the closure of a set (in X ).
Deﬁnition 1. ([2]) A space X is called strongly locally homogeneous (abbreviated SLH) provided that for each x ∈ X and
its neighborhood Ux there exists an open set Vx such that x ∈ Vx ⊂ Ux and for each x′ ∈ Vx there is a homeomorphism
h : X → X with h(x) = x′ and h|X\Ux = id|X\Ux .
Let H denote the set of all homeomorphisms of the space X and for U ⊂ X let HU = {h ∈H: h|X\U = id|X\U }.
Below we collect properties of strongly locally homogeneous continua needed to prove our main theorem (Theorem 12).
These properties are known, but we sketch some proofs for reader’s convenience.
Proposition 2. Let X be SLH. Let p, p′ ∈ L ⊂ U ⊂ X, where L is connected, U is open. Then there is h ∈HU with h(p) = p′ .
Proof. For x ∈ L and Ux = U take Vx as in Deﬁnition 1 and consider the open cover {Vx∩ L: x ∈ L} of L. By connectedness of
L there is a ﬁnite chain of elements of this cover joining p and p′ . Step by step we can ‘push’ p to successive intersections
of links of this chain. 
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Proposition 3. Let X be a metric space. Let {Un: n ∈ N} be a null family of pairwise disjoint open subsets of X , and let hn ∈HUn . Then
the function
h(x) =
{
hn(x) for x ∈ Un,
x for x /∈⋃n∈N Un
is a homeomorphism and h ∈H⋃
n∈N Un .
Proposition 4. Let X be an SLH continuum. Then X is homogeneous and locally connected.
Proof. Homogeneity follows from Proposition 2. To prove the local connectedness note that in continua points lie in arbi-
trary small nondegenerate subcontinua. Let x ∈ C ⊂ X , where C is a small nondegenerate subcontinuum. Take a small open
U with x ∈ U and C \ U = ∅. Then the set ⋃{h(C): h ∈HU } is a small neighbourhood of x (by SLH) and it is connected
(since C \ U ⊂ h(C) for each h ∈HU ). 
Proposition 5. Let X be an SLH continuum. Then X is locally n-homogeneous in the sense of Ungar, i.e. for each ﬁnite set {x1, . . . , xn}
of different points of X there is δ > 0 such that for each ﬁnite set {y1, . . . , yn} ⊂ X with d(x j, y j) < δ there is h ∈H with h(x j) = y j ,
j = 1, . . . ,n (see [6]).
Proposition 6. Let X be an SLH continuum. Then X is countable dense homogeneous, i.e. for every countable dense subsets A, B ⊂ X
there is h ∈H with h(A) = B. Moreover, if countable subsets A, B of an open set V ⊂ X are dense in V , then there is h ∈HV with
h(A) = B.
Proof. We can apply standard back-and-forth procedure to construct the required homeomorphism (see for exam-
ple [6]). 
Further we need some version of n-homogeneity (compare [6, Theorem 3.2]).
Proposition 7. Let X be an SLH continuum with no local separating point. Then for every ﬁnite set A ⊂ X and a one-to-one map
f : A → X there is h ∈H such that h|A = f . Moreover, if A ∪ f (A) ⊂ U , where U is a region in X, then there is h ∈HU such that
h|A = f .
Proof. For A = {x1, . . . , xn} ⊂ U ⊂ X let h1 ∈ HU map x1 to f (x1) (by Proposition 2). Again by Proposition 2 there is
h2 ∈HU\{ f (x1)} which maps h1(x2) to f (x2), and there is h3 ∈HU\{ f (x1), f (x2)} which maps h2(h1(x3)) to f (x3), and so on.
Finally deﬁne h = hn ◦ · · · ◦ h1. 
Remark 8. It is known that if a locally connected homogeneous continuum X contains an open non-empty set which can be
embedded in the plane, then X is S1 or a closed 2-manifold (compare [3, proof of Theorem 2]). Therefore in what follows
we will assume that X is an SLH continuum with no local separating point and X contains no open non-empty set which
can be embedded in the plane.
Proposition 9. Let X be an SLH continuumwith no local separating point and contains no open non-empty set which can be embedded
in the plane. Then, for each compact countable K ⊂ U ⊂ X, where U is a region, there is a Menger universal curve M with K ⊂ M ⊂ U .
Proof. There is an arc in X containing K (see [7] or [4, Remark, p. 540]), so we can apply [3, Theorem 1(ii)]. 
In the Menger universal curve M every countable compact Z ⊂ M is non-locally-separating. Moreover, Z and each of its
topological copy Z¯ ⊂ M are in the same position in M [5, 5.1]. Therefore we have the following proposition.
Proposition 10. Let {Ki}∞i=0 be a null family of pairwise disjoint countable compacta contained in the Menger curve M such that
Lsi→∞Ki ⊂ K0 . Then there is a null family {Li}∞i=0 of pairwise disjoint subcontinua of M such that Ki ⊂ Li , i = 0,1,2, . . . , and
Lsi→∞Li ⊂ K0 .
Proof. The set Z =⋃∞i=0 Ki is countable and compact and M contains its homeomorphic copy Z¯ for which the existence of
the family of subcontinua is obvious. A homeomorphism between Z¯ and Z can be extended to whole M [5, 5.1]. Therefore
the original Z has the desired property. 
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and F (γ ) =⋂α<γ F (α) for limit ordinal γ > 0, where A′ denotes the set of all accumulation points of A. Let us deﬁne rank
r(F ) = max{α: F (α) = ∅}. Note that for a compact countable set F its rank r(F ) is a countable ordinal number and F (r(F )) is
ﬁnite.
Now we have enough tools to prove our main proposition.
Proposition 11. Let X be an SLH continuum with no local separating point and assume X contains no open non-empty set which can
be embedded in the plane. Then, for each countable compact F ⊂ X, each one-to-one map f : F → X and each region U ⊃ F ∪ f (F )
there is h ∈HU such that h|F = f .
Proof. (By transﬁnite induction with respect to r(F ).)
If r(F ) = 0, i.e. F is ﬁnite, then the thesis holds true by Proposition 7.
Let λ > 0 be an ordinal number and assume that the thesis holds true for any F , f ,U with r(F ) < λ.
Let us ﬁx a countable compact F with ﬁnite F (λ) , a one-to-one map f : F → X and a region U ⊃ F ∪ f (F ). We examine
three cases:
Case I. Suppose that f |F (λ) = id|F (λ) and f (F \ F (λ)) ∩ (F \ F (λ)) = ∅.
By Proposition 9 there is a Menger curve M with F ∪ f (F ) ⊂ M ⊂ U .
Of course, there is a null family {Fi}i∈N of compact pairwise disjoint sets such that ⋃i∈N Fi = F \ F (λ) and Lsi→∞Fi ⊂ F (λ) .
Put K0 = F (λ) and Ki = Fi ∪ f (Fi), i = 1,2, . . . . Note that {Ki}∞i=0 satisﬁes the assumptions of Proposition 10. Take
continua Li ⊃ Ki guaranteed by Proposition 10. We may enlarge (in U ) a little bit L1, L2, . . . to regions U1 ⊃ L1,U2 ⊃ L2, . . .
in such a way that Ui ∩ F (λ) = ∅ and {Ui}∞i=1 is a null family of pairwise disjoint regions in U .
Observe that F (λ)i = ∅, i = 1,2, . . . , hence r(Fi) < λ, and, by the inductive hypothesis, there are hi ∈HUi with hi |Fi = f |Fi .
Finally, apply Proposition 2 to construct the required homeomorphism h ∈HU , h|F = f .
Case II. Suppose that f |F (λ) = id|F (λ) and f (F \ F (λ)) ∩ (F \ F (λ)) = ∅.
We reduce this case to Case I. Put V = U \ F (λ) and let A ⊃ f (F \ F (λ)) be a countable set dense in V . Note that
B = A \ (F \ F (λ)) is also countable and dense in V . By Proposition 6 there is h0 ∈ HV such that h0(A) = B . With F ,
f0 = h0 ◦ f and U we are in Case I. Hence there is an extension h ∈HU of f0. The composition h−10 ◦ h has the required
properties.
Case III. Suppose that f |F (λ) = id|F (λ) .
Take h0 ∈HU with h0|F (λ) = f |F (λ) (Proposition 7). With h−10 ( f (F )), f0 = h−10 ◦ f and U we are in Case I or II. Hence
there is an extension h ∈HU of f0. The composition h0 ◦ h has the required properties. 
Now, the main result of the paper follows directly from Remark 8 and Proposition 11.
Theorem 12. Let X be a strongly locally homogeneous continuum other than S1 . Then every homeomorphism between two countable
compact subsets of X can be extended to a homeomorphism of the whole continuum X.
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